Abstract. We prove two results about vector bundles on singular algebraic surfaces. First, on proper surfaces there are vector bundles of rank two with arbitrarily large second Chern number and fixed determinant. Second, on separated normal surfaces any coherent sheaf is the quotient of a vector bundle. As a consequence, for such surfaces the Quillen K-theory of vector bundles coincides with the Waldhausen K-theory of perfect complexes. Examples show that, on nonseparated schemes, usually many coherent sheaves are not quotients of vector bundles.
Introduction
Let Y be a scheme. We pose the following question: Does there exist a nontrivial locally free O Y -module of finite rank? Many fundamental problems in algebraic geometry are related to this. To mention a few: in the theory of moduli spaces, one wants to know whether certain moduli spaces of semistable vector bundles with given Chern numbers are nonempty. In K-theory, one seeks to replace coherent sheaves by complexes of locally free sheaves, or perfect complexes by bounded complexes of locally free sheaves. In the theory of Brauer groups, a fundamental problem is to find a locally free sheaf admitting an Azumaya algebra structure with given cohomology class.
There is a good chance to tackle such problems if Y admits an ample invertible sheaf, or more generally an ample family of invertible sheaves ( [10] , Exposé II). Very few things, however, seem to be known in general. For example, it is open whether or not a proper algebraic scheme has nontrivial vector bundles at all.
The goal of this paper is to attack the problem for the simplest family of schemes where few results are known, namely algebraic surfaces with singularities over an arbitrary ground field. Our first main result (Theorem 1.1) is that a proper algebraic surface admits rank two vector bundles with arbitrary preassigned determinant and arbitrarily large second Chern number. The second main result (Theorem 2.1) is that on normal separated algebraic surfaces, any coherent sheaf is the quotient of a locally free sheaf. In other words, any coherent sheaf admits a global resolution with locally free sheaves. Examples show that this fails for trivial reasons without the separatedness assumption (Proposition 4.2). Using Theorem 2.1 we infer that on normal separated surfaces Quillen's K-theory of vector bundles coincides with the Waldhausen K-theory of perfect complexes (Theorem 3.3).
The situation for algebraic surfaces with singularities is similar to the case of nonalgebraic smooth compact complex surfaces. Schuster [22] extended existence of global resolution for smooth algebraic surface to smooth compact complex surfaces. For nonalgebraic smooth compact complex surfaces, Bȃnicȃ and Le Potier [2] proved that Chern numbers for torsion free sheaves satisfy certain inequalities. For rank two vector bundles, this reduces to 2c 2 ≥ c 2 1 , so the second Chern number is bounded from below if the determinant is fixed.
This analogy breaks down in higher dimensions. Burt Totaro pointed out to us recent results of Claire Voisin: among other things, she proved that ideal sheaves of closed points on general complex tori of dimension ≥ 3 are not quotients of locally free sheaves ( [25] , Corollary 2).
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Existence of vector bundles
Throughout this paper we work over a fixed (but arbitrary) ground field k. In this section, Y denotes a proper surface. The word surface means a k-scheme of finite type whose irreducible components are 2-dimensional. We pose the following question: "given an invertible O Y -module L and an integer c 2 ∈ Z, does there exist a locally free O Y -module F of rank two with determinant det(F ) ≃ L and second Chern number c 2 (F ) = c 2 ?".
Schwarzenberger proved such a result for smooth surfaces over algebraically closed ground fields ( [23] , Theorem 8) . Beyond this, however, little seems to be known. It might easily happen that Pic(Y ) = 0 for normal surfaces (see [20] , Section 3), and it is a priori unclear whether or not there are any nontrivial vector bundles on arbitrary singular surfaces (though, by [21] , Theorem 4.1, any proper normal surface has nontrivial vector bundles of square rank).
To start with, let us briefly recall the notions of S 1 -ization and S 2 -ization since we will use them quite often. Given (a surface) Y , its S 1 -ization is the closed subscheme Y ′ ⊂ Y having the same underlying topological space as Y and whose defining ideal is the ideal I ⊂ O Y of sections whose support has dimension ≤ 1. The S 2 -ization f : X → Y of Y is defined as follows: For any y ∈ Y , the stalk f * (O X ) y is the intersection of all local rings O Y ′ ,x for all points x ∈ Spec(O Y,y ) of codimension one, the intersection taking place in the ring of total fractions for O Y ′ ,y . According to [7] , Proposition 5.11.1, the S 2 -ization f : X → Y is a finite birational morphism. Note that Y ′ and X satisfy Serre's condition (S 1 ) and (S 2 ), respectively.
Next, it is perhaps a good idea to define for our situation what we mean by the second Chern number c 2 (F ) ∈ Z for a given locally free O Y -module F of rank r ≥ 0. The following naive approach suits us well. Let f : X → Y be the S 2 -ization. To define c 2 (F ), set E = f * (F ) and L = det(E). The Riemann-Roch equation
defines an integer c 2 (E), and we set c 2 (F ) = c 2 (E). Here ω X is the dualizing sheaf, which exists because X is Cohen-Macaulay.
We now state our first main result:
The proof requires some preparation. Suppose we have a proper birational morphism f : X → Y . The union of all integral curves mapped to a point is called the exceptional curve E ⊂ X. The union of all integral curves given by the codimension one points x ∈ X for which O Y,f (x) → O X,x is finite but not bijective is called the ramification curve. The following tells us that in constructing vector bundles, we may pass to certain auxiliary surfaces. Proof. First consider the special case that f : X → Y is finite. Then the exceptional curve E ⊂ X is empty, and O Y → f * (O X ) is bijective outside finitely many closed points. Fix a locally free O X -module E of rank r. For each y ∈ Y , the preimage f −1 (Spec O Y,y ) is a semilocal scheme, on which E becomes trivial. Consequently, there is an affine open covering V i ⊂ Y such that E becomes trivial on the preimages
Passing to a refinement of V, we may assume that each V i contains at most one point y ∈ Y where [6] , Theorem 4.1.5), the functor F → f * (F ) is an equivalence between the categories of locally free O Y -modules F of rank r and the category of locally free O X -modules E of rank r whose restriction to the formal completion X = X /E is trivial. The same argument as in [21] , Lemma 2.2, shows that there is an integer n ≥ 1 such that E is trivial on X if and only if it is trivial on nD, and the result follows.
Note that [21] , Lemma 2.2 is stated for resolutions of singularities of normal surfaces, but the proof holds literally true in our situation. That result also involves a family B of locally free O E -modules that is bounded up to tensoring with line bundles; here we apply the result with the trivial family B = {O E }.
is bijective, the preceding arguments show that the functor F → f * (F ) yields a bijection between the set of isomorphism classes of locally free O Y -modules of rank r and the set of isomorphism classes of locally free O X -modules of rank r whose restriction to nD is trivial.
Passing to such auxiliary surfaces X does not change second Chern numbers:
Proof. Making base change with the S 1 -ization of Y and replacing X by its S 2 -ization, we may assume that Y has no embedded components and that X is CohenMacaulay. If f : X → Y is finite, it must factor over the
is bijective, then Y already satisfy Serre's condition (S 2 ). Using Stein factorization, we therefore may assume that Y is Cohen-Macaulay.
The trace map f * (ω X ) → ω Y is bijective outside the union of f (R) and an additional finite subset. Since M = det(F ) is trivial on this set, the projection formula gives
Now we come to the construction of auxiliary surfaces: containing the support of B 2 and disjoint from H 2 , so that R 2 ∪ B 2 contains the singular locus of U 2 . Let r : U 3 → U 2 be a resolution of singularities. Then there is an effective Cartier divisor R 3 ⊂ U 3 supported by r −1 (Sing(U 2 )) such that −R 3 is relatively ample with respect to r. Consequently, r * O U3 (−nR 3 ) ⊂ r * O U3 is contained in O U2 for n ≫ 0, and it then follows as in the proof of [6] , Proposition 2.3.5 that r : U 3 → U 2 is the blowing up of some center Z 2 ⊂ Sing(U 2 ). Now let Y 3 → Y 2 be the blowing up of the schematic closure Z 2 ⊂ Y 2 . By construction, the strict transform B 4 ⊂ Y 4 is supported by the regular locus of Y ′ . This is a homeomorphism, because
red is already a Cartier divisor. Consequently, the effective Cartier divisor C = h −1 (B ′ ) has no irreducible component in common with the exceptional curve E ⊂ X for the composition f : X → Y . Replacing X in some open neighborhood of C by its S 2 -ization, we may also assume that C lies in the Cohen-Macaulay locus. Since h is finite, the Cartier divisor
Proof of Theorem 1.1: First choose a proper birational morphism f : X → Y and Cartier divisors C ⊂ X and D ⊂ X as in Proposition 1.5. Then choose an integer n ≥ 1 as in Proposition 1.2 so that any locally free O X -modules of rank two that is trivial on nD comes from a locally free O Y -modules of rank two .
In light of Proposition 1.4, we have to solve the following problem: Given an invertible O X -module L that is the preimage of an invertible O Y -module, find a locally free O X -module E of rank two whose restriction to nD is trivial, so that det(E) ≃ L and c 2 (E) ≫ 0. The idea is to start with E 0 = L ⊕ O X and apply two elementary transformations (see [17] ) that cancel each other on nD. Note that det(E 0 ) = L and c 2 (E 0 ) = 0.
To proceed, choose an ample effective Cartier divisor A ⊂ C and an integer t > 0 so that
shows that some map s 2 : O C → L C (tA) has no zeros on A. This gives a surjection
In turn, the exact sequence
defines a coherent O X -module E 1 of rank two, which is locally free because the stalks of L C (tA) have projective dimension one. In other words, E 1 is an elementary transformation of E 0 . Taking determinants on X−A, we compute det(E 1 ) = L(−C). This works because X satisfies Serre's condition (S 2 ) near A. Restricting the exact sequence (2) to nD, we obtain an exact sequence
The map on the left vanishes: on the one hand,
On the other hand, E 1 | nD has no torsion sections near C ∩ D, because D is Cartier and C is contained in the S 2 -locus of X. We conclude that the restriction E 1 | nD remains an elementary transformation of E 0 | nD .
Next, consider the invertible
Dualizing the exact sequence (2), we obtain an exact sequence
be the canonical map given by kA ′ . The exact sequence (4) yields an exact sequence
showing that some map s
has no zeros on A ′ and vanishes on C ∩ nD. The exact sequence
tells us that there is an extension of the map s
, we obtain a surjective mapping s
. By construction, this surjection and the old surjection E
Taking determinants on X − A ′ , we obtain det(E) = L. Using the Riemann-Roch formula (1) on the S 2 -ization of X, we compute
which becomes arbitrarily large for k ≫ 0. Finally, restriction to nD gives an exact sequence
By construction, the elementary transformation (3) and (5) are dual to each other, so E| nD ≃ E 0 | nD is trivial. Thus E is a locally free O X -module with the desired properties. Theorem 1.1 is mainly a result about surfaces whose intersection form is trivial. However, the intersection form is usually trivial for singular surfaces, compare [20] and [12] , Exercise 5.9 on page 232. for locally free sheaves F of rank two on nonalgebraic smooth compact complex surfaces. In light of this, we do not expect that, on badly singular proper algebraic surfaces, the second Chern numbers for vector bundles of rank two with fixed determinant might be arbitrarily negative. The idea for the proof is to construct a sheaf of 1-syzygies S for M, and then obtain F as an extension of M by S. Similarly, we obtain the sheaf of 1-syzygies as the extension of an ideal by a suitable locally free sheaf. The main problem is to choose these sheaves carefully so that the desired extensions, which always exist locally, also exist globally. We start with some preliminary reductions. Throughout, Y denotes a normal surface. Next we reduce to the case that our ground field k is infinite: Proof. This is a local problem, so let us assume that Y = Spec(A) is affine. Set I = Γ(Y, I) and N = Γ(Y, N ). According to [13] , Proposition 1.7, there is an exact sequence 0 → N → L → L ′ for certain free A-modules L and L ′ . This gives an a commutative diagram with exact rows
Existence of global resolutions
By the 5-Lemma, it suffices to treat the case N = A. Then our map in question becomes the canonical map (I ∨∨ ) ∨ → I ∨ . By [13] , Corollary 1.6, both (I ∨∨ ) ∨ and I ∨ are reflexive. At each prime ideal p ⊂ A of height one, the module I p is the direct sum of a free module and a torsion module. Hence our map is bijective in codimension one, and [13] , Theorem 1.12 implies that it is bijective everywhere. (7) correspond to a section e ∈ H 0 (Y, Ext
gives an exact sequence
We want to choose the locally free O Y -module H so that the term on the right vanishes. For then the section e ∈ H 0 (Y, Ext 1 (I, H)) comes from a global extension 0 → H → S → I → 0, and we have constructed a sheaf of 1-syzygies S for M.
The canonical map Hom(O Y (D), H) → Hom(I, H) is bijective by Proposition 2.4. Serre duality gives H
To achieve this, let f : X → Y be a resolution of singularities, and E ⊂ X the exceptional curve. According to Remark 1.3, there is an integer n ≥ 1 so that the locally free O Y -modules of rank r correspond to the locally free O X -modules of rank r with trivial restriction to nE. Choose a Weil divisor C on X with
The canonical surjection Γ ⊗ O nE → E 0 | nE yields a morphism ϕ : nE → Grass r (Γ) into the Grassmannian of r-dimensional quotients. Choose a generic r-dimensional subvector space Γ ′ ⊂ Γ. Here we use that our ground field is infinite. For each integer k ≥ 0, let G k ⊂ Grass r (Γ) be the subscheme of surjections Γ → Γ ′′ such that the composition Γ ′ → Γ ′′ has rank ≤ k. Note that G r−1 is a reduced Cartier divisor, and that G r−2 has codimension four (see [1] , Section II.2).
By the dimensional part of Kleiman's Transversality Theorem ([14] Theorem 2), the map ϕ : nE → Grass r (Γ) is disjoint to G r−2 and passes through G r−1 in finitely many points. The upshot of this is that the quotient of the canonical map Γ ′ ⊗ O nE → E 0 | nE is an invertible sheaf on some Cartier divisor A ⊂ nE. Consequently, we have constructed an exact sequence
) tells us that the surjection E 0 | nE → O A extends to a surjection E 0 → N for any sufficiently ample invertible O H -module N . Then the kernel E ⊂ E 0 is a locally free O X -module of rank r that is trivial on nE, hence H = f * (E) is locally free of rank r as well.
Suppose there is a nonzero map H → ω Y (D). Then there is also a nonzero map E → O X (C). To rule this out, consider the exact sequence
The term on the right sits in an exact sequence
We have Hom(N , O X (C)) = 0 and Ext 
We claim that the term on the right vanishes. Indeed, the canonical mapping S → S ′ into the bidual S ′ = S ∨∨ is bijective outside Sing(Y ), so the induced map
) is bijective as well. Serre duality tells us that
gives an exact sequence (ii) Choose a surjection λ∈L F λ → M as in (i). Since M ′ is coherent and Y is quasicompact, there is a finite subset L ′ ⊂ L such that F = λ∈L ′ F λ surjects onto M ′ .
Applications to K-groups
In this section we collect some more or less obvious applications of Theorem 2.1. Throughout, Y denotes a normal separated surface. We start with the following: Proof. We shall apply Illusie's result [10] , Exposé II, Proposition 1.2 (c). In accordance with Illusie's notation, let S be the Zariski site of Y , S := Y , C be the fibered category (over S) of quasicoherent O-modules, and C 0 the fibered subcategory of locally free O-modules of finite rank. Illusie's result has four assumptions, which take the following form:
First, the kernel of a surjection between locally free sheaves of finite rank is locally free of finite rank ("C 0 est localement stable par noyau d'epimorphisme"), which is clearly true. Second, any surjection from a quasicoherent sheaf to a locally free sheaf of finite rank admits locally a section ("C 0 est localement relevable"), which is also true. Third, if M → M ′ is a surjection of quasicoherent sheaves on Y , with M ′ locally free of finite rank, there is a map from a locally free sheaf of finite rank F → M such that F → M ′ is surjective ("C 0Y est quasi-relevable"), which holds by Corollary 2.5. Fourth, any coherent sheaf on Y is the quotient of a locally free sheaf of finite rank ("tout objet de C Y qui est de C 0 -type fini est de C 0Y -type fini"), which is Theorem 2.1.
Hence Illusie's result applies, and tells us that D naive (Y ) → D perf (Y ) is an equivalence of categories.
The category of perfect complexes W perf (Y ) carries, in a canonical way, the structure of a complicial biWaldhausen category, as explained in [24] , Section 1. This additional structure gives rise to the Waldhausen K-theory spectrum K perf (Y ) and Waldhausen K-groups The group of connected components for K Q (X) is nothing but the Grothendieck group for the exact category of vector bundles. Similarly, the group of connected components for K perf (Y ) equals the Grothendieck group for the triangulated category of perfect complexes, which is defined in [10] , Exposé IV. Therefore, we have the following: Remark 3.5. Note that the proof of Corollary 2.5 works on every noetherian scheme X for which any coherent O X -module is a quotient of a locally free O Xmodule of finite rank. Then, the same argument as in the proof of Proposition 3.2 shows that for such schemes the Waldhausen K-theory of perfect complexes coincides with the Quillen K-theory of vector bundles.
Counterexamples
Here we show that, on nonseparated schemes, there are usually many coherent sheaves that are not quotients of locally free sheaves. Let Z = Spec(A) be an affine normal local noetherian scheme of dimension at least two, and U ⊂ Z the complement of the closed point. Let 
